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BEAHA T 940 By s T 4 B RETR A T 40 58 |E 32 (for high school students) » H: 155 4 41 1
FITR o By T R B B 75 I SRR I ok 3 - 3 L 36 o 5 26 5 R = 20000 4 i s 19 S R BB 3T
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P&S-4, for high school students (From LP to Resistor)

Problem-4: Let a,b,c,x,y,zeR", prove the following inequality holds.

1 > 1 + 1 + 1 (Resistor inequality)
1 1 -1 1 1 1 11
+ e e
at+b+c x+y+z a X c z

b

. . a b c
Solution-4: Construct a matrix of order 2x 3, set A:{ } and p=1>q=-1,

X y z

based on Lin - Phoong inequality, we have

1 S 1 N 1 N 1
1 1 -1 1 1 1 1 1
+ T h e S
at+b+c x+y+z a x b c z
equality holds when 2 _P _¢
X y z

M1 T %8 spdgmm

BRI —ESEEE RS - =8 E Y &R M TE i = B 4H mathematical
inequalities » 7 H Bl BB IZ WIE 2 Frow o 38 & 7L 90 E 8 b v DUE 2 Y AL A D B
(DR H et & RNBLA B T R AV E R - (2)F Ep%ﬂ qﬁ EEﬁAijzRJEﬁ?éBH
FER HEEAXHHAEHEZ p=1>q=-1 > Q)E B EHEFT BN TEEHE
(M)F AT rank(A)=1 KRG FE X LR - DUERE BB > T8y k2
a=b-1>0
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Problem: Let a,beR* and b>1 - prove the following inequality holds

a+b ab-a ab+b
> +
2 a+b-1 a+b+1

Solution: Construct a matrix of order 2x 2, set A={ a b } and p=1>q=-1,

b-1 a+1

based on Lin - Phoong inequality (or Resistor inequality), we have

1 S 1 1 ab-a ab+b

> + = +
1 N 1 £+ 1 1+ 1 a+b-1 a+b+1
a+b b-1+a+1 a b-1 b a+l

o atb, ab-a + ab+Db , equality holds when a=b-1>0.

2 a+b-1 a+b+1

W2: Tr72 %8y 35 fas

HEAARSCHY ERE - 55 1 AV H RO A8 3 Frow o B T RYRESCE T MiEET 2 EE D
Al MR RIEE R EE —REENAER  BHNBERKRANKEAIEE A LRDN
— g B & (Starry Night) - %5 N KRS HE “"BE®” AR #E7 R
FEABE AN BESARE T AN LG FhrEE—F SHETRE  GE8
EHMLE T ARARKACEERERERCERZERFAIGEHERNER ML
ERREEENER  BUERZ -EITE  ELNEEAEX T EE - B ey 4 #5EE
& = A FH Matlab f2 5045 & 18 8P AR 2 AR 8y - A B ATENE JIE 5 [ 2 B A SR B 4
Y SR

1B A NE 4 Fon o BB H EYR IR GG VR AY B I A TR RS - B
DAGE AW RV BN T B Rt & BRI A BAE B T HEER G - HIt
W A E A &5 2Rt & 7 AR — SL R gk 1 - U I Y R (2 a=b=c> BB fEg 35 > & a=b=c=1>
FE=6/2=3 » A =1+1+1=3 - oW HMHF -

-17 -




PERT T 54898 ¢ FAR15E 67

HigE
Q EEm=pHs - 2024F11520H - Q

Beautiful inequality, inspired by The Starry Night, Vincent Van Gogh

Problem: Let a,b.cc R™ > prove the following inequality holds.

ab+bc+ca+a+b+c>ab+a bc+b ca+c

> 3 £l "
abc +1 a’b+1 b*c+1 c*a+1

OO Hoa van Nguyén ~ Lé ThufIE 32 A AFFEE 4RAH=E
Y & Q &= @ @i o A=

W 3: % LAMen3E P 4 (P £ 5 RMM % 3 4L%)
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1
a
ab
Solution: First, construct a matrix of order 3x2, set A=|b 1| and p=1>q=-1~
bc
1
c
L ca |

based on Lin - Phoong inequality (or Resistor inequality), we have

1 1 1
1 1 1T "1 1 1 absbcsca
Tt T atete
at— b+ c+- a bC
ab bc ca
" 1 S abc N 1 _ abc+1
ab bc ca ab+bc+ca ab+bc+ca ab+bc+ca

+ +
a’b+1 b’c+1 c’a+1

ab +bc +ca ab bc ca
& > — +— +— ..(1)
abc +1 a’b+1 b°c+1 ca+l
a b ¢
Secondly, construct a matrix of order 2x3,set g_ AT _ ,
11
ab bc ca
Similarly, we have 1 > 1 + +
1 1 1 1 1
+ —+ab —+bc —+ca
atb+c 1 1 1 a b c
ab bc ca
© 1 =a+b+c2 2a N 2b N 2C ()
1 N abc abc+1 a’b+1 b’c+1 c’a+1

a+b+c a+b+c

ab+bc+ca+a+b+c_ ab+a bc+b ca+c
By (1)+(2), we get > + +
abc+1 a’b+1 b’c+1 cla+1l
Equality holds when a=b=c.

W 4: 5 13eniaig e
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Beautiful inequality, inspired by the picture of “Tower of Hanoi

Problem: Let a,be R™ - prove the following inequality holds.
3(a+b)

a - 2b
3ab+a+b+3

ab+a+1 2ab+b+2

OO L& Thy  Rst KhanF1Eth36 A

d5 # Q 88 Y & Q) AE

W 5: % 23 chAL P it (F £ 5 RMM % 3 4L 3)
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a b
Solution: Construct a matrix of order 3x2,set A=|{1/pb 1/a| and p=1>q=-1,
1 2

based on Lin - Phoong inequality ((or Resistor inequality)), we have

1 1 1 )
= +
1 1 1 1
+ —+b+1 —+a+=
a+b 1 1 142
b a
P 1 S a_ 2b
1 ab 1 abta+l 2ab+b+2
a+b a+b 3
& 3(a+b) > a 2b , equality holds when b=2a.

> +
3ab+a+b+3 ab+a+1 2ab+b+2

B 6: % 24 cnf% 06 2

5 3 EHYRE H R A e 7 Fron o b REAY 8RR B P A TAYRE S > s atRE H R ER Y
EWEE REENER > NEAEXNEFEFLHEEG 8 Eka bR EEE
o WESEAE T A EXZERN - B 7 PREECER BEESRE > DL Matlab 72
ARG HEGER > REFROREH a - GrEhRORE R b > EERI R AR E AT DUE AT AY A 2L
Mo fEE P LIELE a=b=1 WEFNEXTEILZEGHE  HBHMER  £X&X
RaE -

B3 EAERE R E Sy 0 B 1 EAFEX RS WE 8 B o 5 2 A F A REAE 9
B> e s el DIE W - BIEFAREHEEAERERERAFER  BBFFEANFY
B BIAE A RE A F R R -

EHAERE - REEAFNR o] DURGYHET L H 2 & 21 F R 208y > U
b OB IR T T DUBR S R A T BB AR R - R e & RHVAE I - BRI & TEHLHY
HH p Mg HRAXE@mVEE p=1>0q=-1891%% - BIEHEAFR > NIt A ZHEL
faf 4% FE PR BT AT -
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Twins of inequality, just for fun.
Problem(twin-1): Let a,be R"™ » prove the following inequality holds.
a b a+b_3 1
+ + >—+
a+l b+1 2ab 2 a+b

Problem(twin-2): Let a,beR" » prove the following inequality holds.
1 1 a+b >§ ab

+ + >—+
a+l b+1 2 2 a+b

B 7: % 3L AT P 4

(%
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Solution(twin-1):

a_ b +a+b2§+i © 2 a_ b +a+b)S2_(§+L)
a+l b+1 2ab 2 a+b a+l b+1 2ab 2 a+b
o 1 N 1 N 1 S1+a+b=a+b+ab *)
a+l b+1 a+b 2 2ab 2ab
1 a
Construct a matrix of order 3x2,set A—=|g b|’>and p=1>q=-1-
b 1
based on Lin - Phoong inequality (or Resistor inequality), we have
1 1 1 2ab
1 1 1 -, 1 171 1, asbsab
+ + 1+=+> =—4-41 @at+p+a
l1+a a+b b+l a b a b
& 1 1 1 <a+b+ab (*) , equality holds when a=hb=1.

+ + <
a+1l b+1 a+b 2ab

Bl 8: % 348 1273 % njaigisa

Solution(twin-2):

1 1 a+b>3 ab 1 1 a+b 3

= afh, o, @ 2o( L athy , 38, 3,
a+l b+1 2 2 a+b a+l b+1 2 2 a+b
o & b N ab sl a+b_a+b+1 *)
a+l b+1 a+b 2 2 2
: 1 b
Construct a matrix of order 2x3, set A= L »and p=1>q=-1-
a

based on Lin - Phoong inequality (or Resistor inequality), we have

1 S 1 N 1 N 1
1 1 1 1 1 1
+ —+1 —+—- —+1
l+a+b a+b+1 a a b b

a b a+b a+b+1
+ <

& + <
a+1 b+1 ab 2

(*) , equality holds when a=b=1.

B O: ¥ 3% 2 BES T 2 %N chizdgif
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W 4 EBRTPIE T8 RMEREN LEE R - 5 4 BEAYROR R 53 740 E
10(a) EL[E 10(0)FTr~ > LB A RSN 2 HEREES RN EZEE FRRPAMEE
—ﬂxE’JK%Tmiﬁl_fLJ\%FHWW?A%E’JB'ZE%Z&% R 5 — 1T EIH Muirhead R %
2 A B T AT 2 SR (A S 0 2014) - BEREAY RS 2 {5 A Muirhead £ %
A BN EAGEREGRENGER -

Problem: Let a,b,ceR" » prove the following inequality holds.
1 1 1 2 2 2
il >

o> + +
a? b?> ¢ a’*+bc b’+ca c’+ab

W 10(a) : % 4 X :h3g p

Solution:
By Muirhead inequality, {2,2,0}> {211} => LI anc (*)
S - a+b+c  b’c?+ca’+a’’
a b c
Construct a matrix of order 2x3, set A— and p=1>q=-1
be ca ab
a b c

based on Lin - Phoong inequality (or Resistor inequality), we have

1 1 N 1 N 1
1 abc 1 a 1 b 1 ¢
Y22, 2.2 22 At nt o Tt
a+b+c bc +c‘a“+ab a bc b ca c¢c ab
b%c? +c’a’® +a’b’ abc abc abc
® Z 2 + 2 + 2 *
2abc a“+bc b°+ca c+ab
1 1 1 2 2 2
@ ot 2> + + , equality holds when a=b=c¢ -
a’ b?> c¢® a*+bc b*+ca c’+ab

W 10(b) : % 4 i ¢z 4T i A2

5 RE AT AL B R oy B A0 E 11(a) BLE 11O0)FT~ ILEEER S 4 BHEREE
J?IFEE%D%M FE - RALEEHEEZ LT ER > 5 S EBE 4 EHER M EMRE X FH

KRG, Fy 8 G ﬁ””é’j%4??{;%?@T~flj<%zﬂiﬂé’jii% a’+b*+c®’>ab+bc+ca -
TL4E R m DU 2 77 ARG 8] Bl R ES - AT U BHAER RN EA T
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2 2 2
gﬁﬁA{Zz > CZ}& p=1>q=0 » iR % % K % 5 (S0 hl 75 F % 20) o B3 51
c a

J(@2 +b2+c?)? > a?h? +b%c? +c?a? (LI F -

Problem: Let a,b,ceR" - prove the following inequality holds.

a b c 2a 2b 2C
—t—t—2— + = +—
bc ca ab a“+bc b +ca c°+ab

W 11(a) : % 5 4L 3L p

Solution:

Construct a matrix of order 3x2,set 5 _| Cdl and p=1>q=-1"

ab
c

c

based on Lin - Phoong inequality (or Resister inequality), we have

1 S 1 N 1
1 1 1 1 1 1 a b c
bc', ca' _ ab a b ¢ bc ca ab
a+r— b+-2 ¢+ @ ¢ bc ca a
a b c
o 1 S abc N abzc - 2abc :
a_ . b Lo ab+bc+ca a’+b?+c? a’+bh*+c
a’+bc b*+ca c’+ab
a’+b*+c®> a b ¢ 2a 2b 2¢
® =t —t+—2— +— +—
abc bc ca ab a“+bc b°+ca c°+ab

Equality holds when a=b=c -
W 11(b) : % 54 Hf# 3L iE A2

5 6 MY RUMR LR 537 B0 B 12(a) B 1200)FT » HESERGFa+b+c=9 -
IR AE =5 18 A FE PR 7R 2 — 2R 4y - W1IREE a, b, ¢ ' E HY 2 oy BE S (row) T > ATE]
LLHI T it e o 55— (il 82 R o) § S8 JE R B AT AR D S FE 2 4 (0 SNy 73 &) > RS H AT Ry (bR D
NG Z A AR W R s A R Y IS s (FE R E — R A LUEE
B ER T EHHE X LA UEE A FEA B M HAEE -
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Problem: Let a,b,ceR" suchthat a+b+c=9  find the maximum value of

! +ab+2b+bc+2c+7c+14
“a+l a+b+2 b+c+2 c+9

W 12(a) : % 6 4L 4L P

Solution:

. a b c 7
Construct a matrix of order 2x4, set A= and
1 a+2 b+2 c+2

p=1>q=-1- by Lin - Phoong inequality (or Resistor inequality) , we have

1 S S SR S
1 1 "11'1 1 "1 1 "1 1
a 1

+ —
a+b+c+7 a+b+c+7

Sy + +
b a+2 ¢ b+2 7 c+2

& gs_d ab+2b+ bc+20+7c+14 .S, =8 when a=1b=3c=5-
a+l a+b+2 b+c+2 c+9

B 12(b) © % 6 4L 2406 2

507 AR B R oy Bl B 13(a) B 13(b) AT om0 IE 46 E R
ab+bc+ca=2(a+b+c)  WILEZHREEWHEMGEFEZEAIESEEE BAEXNE
NEFEAEEA TR  FHAFRNEAEZREEE - N A FAME A TR - FHitt
R R B EAVIERE - LRSIk Z2a=b=c  RELEHEEEE 3% =6a
[lta=b=c=2-

Problem: Let a,b,ceR™ such that ab+bc+ca=2(a+b+c) » prove the following
inequality holds.

a b c 2(a+b+c)
+ + <
l+ca 1l+ab 1+hbc abc +2

W 13Ca) s % T3 4L P

-26-




TIEA ENE T - BAED R RE

Solution:

Construct a matrix of order 3x2, set A _ b 1| and p=1>q=-1

C J—

based on Lin - Phoong inequality (or Resister inequality), we have

1 1 1
1 1 1T "1 1 1 asbsc
7+ L T A +o+
at> b+ c+- a b¢C
b c a
o 1 S abc N 1 abc+2
b L ¢ a ab+bc+ca a+b+c 2(a+b+c)
l1+ab 1+bc 1+ca
=2 a > ¢ 2(a+b+c) , Equality holds when a=b=c -

+
l+ca 1+ab 1+bc abc +2

W 13(b) : ¥ 7 L hja ik A2

RGBS AR EREE “BHEHAER" GES AME > BBRsHEE RS
FpE T BHESMrERHNEZ K e RE H SRS e R ESR —
SR EIR L - I BB E C R RR Ay R B RL - SORIMCHE AL 15 (88 H 45 18 =8k
BB A A E MR E W REHESFEZE (FERE A T ARLE RMM R 7 100
f DL WY AR B RE S - T g A R A Y i RE AR AR

ESPAN
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BRAOT ~ 5R1EH(2014) - Muirhead N5 - BB EEE - 41(2) > 41-58 ¢
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Bl

Bo6:

Let a,beR" » prove the following inequality holds,

(@+1)(b+1)>,/(2ab+a+b)(a+b+2).

: Let a,b,ceR"  find the maximum value of

1 abc a+c b+1
+ x ( +—
a+b+c+1 ab+bc+ca ac+1 b +b+1

).

* Spax =1 when ac =b(b+1), for example, a=2,b=3,c=6.

:Let a,b,ceR" suchthat ab+bc+ca=23abc - find the maximum value of

B 32 +a+b+b+c+c+a
a+b+c+5 ab+1 bc+l ca+l

* Sy =7 when a=b=c=1.

: Let a,b,ceR" suchthat ab+bc+ca= 2(a+b+c) » prove the following inequality

holds,

9 < 3 3 3

< + + 1.1
a+b+c a+bc b+ca c+ab

££+—+ .
a b c

: In any acute triangle AABC, let a=tanA/b=tanB, c=tanC prove the following

inequality holds,

ab+bc+ca _ 2 2 2
> + +
a+b+c a+b b+c c+a.

Let a,b,c,X,y,ze R" such that a+b+c=1+1+1=1’findthemaximumvalueof
X y z

__a 2b N 3c
ax+a+1 2by+b+2 3cz+c+3.

1 1 1

:S _5 when a==, b=2Z>, (;:E or X=6, y=3, z=2.

™13 6 3
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B 7:Let a,b,ceR" > prove the following inequality holds,

ab+bc+ca S 1 N 2
abc(a+b+c) a?+b’+c? ab+bc+ca

B 8: Let a,beR" and satisfying the inequality

1 3ab a+b
+ ) x ( +
a+b+4 ab+3(a+b)” "ab+1

k) <1,

where k is a constant, find the value of k .

EE k=143 » when ab=12, for example, a=2, b=6.

8 32 _2ab+2b
a+2 b+5 a+b+1

B 9:Let a,beR" > find the minimum value of S=a+b+

EE: S, =8 when a=2,b=3.

B 10: Let a,b,ceR"™ such that ab+bc+ca=3 > prove the following inequality holds,

3(a+b)(b+c)(c+a)>2abc(a®+b”>+c?+9).

B 11 : Let a,b,ceR" suchthat ab+bc+ca=2(a+b+c) prove the following inequality
holds,
a_ b L C SZ(a+b+c).
l+ca 1+ab 1+bc abc+2

) 1 1 1 L .
B5 12 : Let a,b,ceR’ suchthat a®+b*>+c?2 ==+ B+ —, prove the following inequality
a C

holds,
a’+b?+c? a’ b? c?
>t .
3 a*+2 b*°+2 c’+2
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13 : Let a,b,¢ceR"such that a’b+b’c+c’a>ab’*+bc?+ca’ > prove the following
Inequality holds,

2a 2b 2c
J’_

a b ¢
=+ + )
c a b b+c c+a a+b

b+c c+a a+b
+ +
a b c

B &b+®.+2@+a)+ (a+hb)
5a+b+c 2b+c+a c+a+b’

B 14 : Let a,b,ceR" such that =8 > find the maximum value of

EE: S, =4,when a=1b=2,c=3.

B 15: Let a,beR" and b>1 > prove the following inequality holds,

a+b> a+1 N b-1
ab+1 a’+a+1 b*-b+1’
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